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Analysis and control of a Dynamic Model Involving 

Students Anxiety towards Mathematics  
 

Introduction: 

Mohamed, and Tarmizi(2010)[1], investigated  anxiety in mathematics learning among secondary school learners making a comparative 

study between Tanzania and Malaysia. Akin and Kurbanoglu(2011)[2] studied the relationships between math anxiety, math attitudes, and 

self-efficacy using a structural equation model.  Maria de Lourdes et al (2012) [3] conducted research on the effects of individual, 

motivational, and social support factors on attitudes towards mathematics. Hoorfar and, Taleb (2015) [4] developed a correlation between 

mathematics anxiety with metacognitive knowledge.  Getahun et al (2016) [5] , discussed strategies to predict mathematics performance 

considering  anxiety, enjoyment, value, and self-efficacy beliefs towards mathematics among engineering majors.  Zakaria et al (2017) [6]  

studied the effect of a realistic mathematics education approach on students’ achievement and attitudes towards mathematics. Mazana et 

al (2019) [7]   investigated students’ attitudes towards learning mathematics. Mazana et al (2020) [8] provided a teacher’s perspective 
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regarding assessing students’ performance in mathematics in Tanzania. Teklu et al (2022) [9], provided a mathematical modeling analysis 

on the dynamics of university students animosity towards mathematics using optimal control.  Teklu (2023) [10] developed an analysis of a 

fractional order model on higher institution students’ anxiety towards mathematics with optimal control.   This work aims to perform 

bifurcation analysis and multiobjective nonlinear control (MNLMPC) studies on a dynamic model concerning students’ anxiety towards 

mathematics in Teklu (2023) [10]. The paper is organized as follows. First, the model equations are presented, followed by a discussion of 

the numerical techniques involving bifurcation analysis and multiobjective nonlinear model predictive control (MNLMPC). The results and 

discussion are then presented, followed by the conclusions. 

1. Model Equations(Teklu (2023)[10] 

The model equations are  
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The variables sh,ph,eh,ah,qh, and rh represent anxiety towards mathematics susceptible students, anxiety towards mathematics protected 

students, anxiety towards mathematics exposed students, students who have anxiety towards mathematics, students who have 

permanent anxiety towards mathematics, students recovered from anxiety towards mathematics 

The base parameters are  
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0.3; 0.04; 1.4; 1 0; 1.3; 2 0

k

c c

     

   

 = = = = = = = =

= = = = = =
  

Bifurcation analysis : 

The MATLAB software MATCONT is used to perform the bifurcation calculations. Bifurcation analysis deals with multiple steady-states and 

limit cycles.  Multiple steady states occur because of the existence of branch and limit points.  Hopf bifurcation points cause limit cycles . A  

commonly used MATLAB program that locates limit points,  branch points, and Hopf bifurcation points is MATCONT(Dhooge Govearts, and 

Kuznetsov, 2003[11]; Dhooge Govearts, Kuznetsov, Mestrom and   Riet,  2004[12] ).  This program detects Limit points (LP), branch points 

(BP), and Hopf bifurcation points(H) for an ODE system  

 ( , )
dx

f x
dt

=   (2) 

 
nx R  Let the bifurcation parameter be .  Since the gradient is orthogonal to the tangent vector,   

The tangent plane at any point   1 2 3 4 1[ , , , ,.... ]nz z z z z z +=    must satisfy  
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 0Az =   (3) 

 Where  A is  

 [ / | / ]A f x f =       (4) 

where  /f x   is the Jacobian matrix.  For both limit and branch points, the matrix [ / ]f x    must be singular.   The n+1 th component 

of the tangent vector 1nz +  = 0 for a limit point (LP)and for a branch point (BP) the matrix 
T

A

z

 
 
 

 must be singular. At  a Hopf bifurcation 

point,  

 det(2 ( , )@ ) 0x nf x I =   (5) 

  @ indicates the bialternate product while 
nI  is the n-square identity matrix. Hopf bifurcations cause limit cycles and should be eliminated 

because limit cycles  make optimization and control tasks very difficult.  More details can be found in Kuznetsov (1998 [13];  2009[14]) and 

Govaerts  [2000] [15].  

Hopf bifurcations cause unwanted oscillatory behavior and limit cycles. The tanh activation function (where a control value u is replaced by 

) ( tanh / )u u    is commonly used in neural nets (Dubey et al 2022[16];  Kamalov et al, 2021[17] and Szandała, 2020[18) and optimal 

control problems(Sridhar  2023[19] )  to eliminate spikes in the optimal control profile.  Hopf bifurcation points cause oscillatory behavior. 

Oscillations are similar to spikes, and the results in Sridhar(2024)[20]  demonstrate that the tanh factor also eliminates the Hopf bifurcation 

by preventing the occurrence of oscillations. Sridhar (2024)[20] explained with several examples how the activation factor involving the tanh 

function successfully eliminates the limit cycle causing Hopf bifurcation points. This was because the tanh function increases the time period 

of the oscillatory behavior, which occurs in the form of a limit cycle caused by Hopf bifurcations.  

Multiobjective Nonlinear Model Predictive Control (MNLMPC)  

Flores Tlacuahuaz et al (2012)[21] developed a multiobjective nonlinear model predictive control (MNLMPC) method that  is rigorous and 

does not involve weighting functions or additional constraints. This procedure is used  for performing the MNLMPC  calculations  Here   
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 ft  being the final time value, and n the total number of objective variables and . u  the control parameter.    This  MNLMPC procedure 
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This will provide the values of u  at  various times. The first obtained control value of u  is implemented and the rest are  discarded. This 

procedure is repeated until the implemented and the first obtained control values are the same or if the Utopia point  where ( 
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=  for all j)   is obtained.  

Pyomo (Hart et al, 2017)[22] is used for these calculations.  Here, the differential equations are  converted to a Nonlinear Program (NLP) 

using the orthogonal collocation method   The NLP is solved using  IPOPT (Wächter And Biegler, 2006)[23]and confirmed as a global solution 

with BARON (Tawarmalani, M. and N. V. Sahinidis 2005)[24].  

  The steps of the algorithm are as follows   

1. Optimize 
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3. Implement the first obtained control values  

4. Repeat steps 1 to 3 until there is an insignificant difference between the implemented and the first obtained value of the control 

variables or if the Utopia point is achieved. The Utopia point is when 
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 Sridhar (2024)[25] proved that the MNLMPC calculations to converge to the Utopia solution when the bifurcation analysis revealed the 

presence of limit and branch points . This was done by imposing the singularity condition on the co-state equation (Upreti, 2013)[26].   If 

the minimization  of   1q  lead to the value 
*

1q  and the minimization of 2q  lead to the value 
*

2q   The MNLPMC calculations will minimize 

the function 
* 2 * 2

1 1 2 2( ) ( )q q q q− + −  .  The multiobjective  optimal control problem is 
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Differentiating the objective function results in  
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the optimal control co-state equation (Upreti;  2013)[53] is  
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i  is the Lagrangian multiplier. ft  is the final time.  The first term in this equation is 0 and hence  
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At a limit or a branch point, for the set of ODEs ( , )
dx

f x u
dt

=  xf  is singular. Hence, there are two different vector values for [ ]i  

where ( ) 0i

d
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( ) 0i ft =  will lead to  [ ] 0i =  This makes the problem an unconstrained optimization problem, and the only solution is the Utopia 

solution.   

Results and Discussion : 

For the bifurcation analysis    used as the bifurcation parameter.  A  Hopf bifurcation point and a branch point were located at 

[ , , , , , , ]sh ph eh ah qh rh   values of ( 125.925926, 74.074074, 0, 0, 0, 0, 0.943090 ) and ( 125.925926, 74.074074, 0, 0, 0, 0,0.566351 

) as shown in Fig. 1. Fig. 2 shows the limit cycle that occurs because of the Hopf bifurcation.  When the tanh activation factor is used and 

  is modified to tanh( )   the Hopf bifurcation point disappears, and 2 branch points are found at [ , , , , , , ]sh ph eh ah qh rh   values 

of  

( 125.925926 74.074074 0, 0, 0, 0, -0.831381 ) and ( 125.925926 74.074074 0, 0, 0, 0, 0.831381 ).  This is shown in Fig. 3. The use of the 

tanh activation function successfully eliminates the Hopf bifurcation that causes a limit cycle, thereby validating the analysis by Sridhar 

(2024)[20]. 

For the MNLMPC calculations, 
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     were minimized, and each minimization resulted in a 

value of 0. c1 and c2  were used as the control parameters.  The multiobjective optimal control calculation involved a minimization of 
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− + − + − + −      and resulted in the Utopia solution, validating the 

analysis in  Sridhar(2024)[25]. The MNLMPC values of c1 and c2 were 0.16365 and  0.49954.  Figures 4-9 show the various MNLMPC profiles. 

In Fig. 9  it is seen that the c1 vs t profile exhibits noise, which is removed using the Savitzky-Golay filter to produce a smooth profile (c1sg). 

The use of the tanh function eliminates the Hopf bifurcation point, validating the analysis in  Sridhar (2024)[20], and the convergence of 

the MNLMPC calculations to the Utopia solution validates the analysis in Sridhar (2024)[25].  

Conclusions  

Multiobjective nonlinear model predictive control calculations were performed along with bifurcation analysis on a model involving students' 

anxiety towards Mathematics. The bifurcation analysis revealed the existence of a limit cycle causing Hopf bifurcation point,  and a branch 

point. The Hopf bifurcation point is  eliminated using an activation factor involving the tanh function.  The presence of the branch-point 

enables the multiojective nonlinear model predictive calculations to converge to the Utopia point which is  the best possible solution.  

Data Availability Statement: 

All data used is presented in the paper 

Conflict of interest  

The author, Dr. Lakshmi N Sridhar has no conflict of interest. 

Acknowledgement  

Dr. Sridhar thanks Dr. Carlos Ramirez and Dr. Suleiman for encouraging him to write single-author papers. 

 

 

 

https://sciencefrontier.org/journals/international-social-science-research-and-review
https://sciencefrontier.org/journals/international-social-science-research-and-review
https://sciencefrontier.org/journals/international-social-science-research-and-review


                                                                                                                                                                     

 

                          https://sciencefrontier.org/journals/intern

ational-social-science-research-and-

review 
 

 

                           © 2025 Lakshmi. N. Sridhar et al. 

6 

References 

1. Mohamed, S. H. & Tarmizi, R. A. Anxiety in mathematics learning among secondary school learners: A comparative study 

between Tanzania and Malaysia. Proc. Soc. Behav. Sci. 8, 498–504 (2010). 

2. Akin, A. & Kurbanoglu, I. N. The relationships between math anxiety, math attitudes, and self-efficacy: A structural equation 

model. Stud. Psychol. 53(3), 263 (2011). 

3. Maria de Lourdes, M., Monteiro, V. & Peixoto, F. Attitudes towards mathematics: Effects of individual, motivational, and social 

support factors. Child Dev. Res. 2012 (2012). 

4. Hoorfar, H. & Taleb, Z. Correlation between mathematics anxiety with metacognitive knowledge. Proc. Soc. Behav. Sci. 182, 

737–741 (2015). 

5. Getahun, D. A., Adamu, G., Andargie, A. & Mebrat, J. D. Predicting mathematics performance from anxiety, enjoyment, value, 

and self-efficacy beliefs towards mathematics among engineering majors. Bahir Dar J. Educ. 16, 1 (2016). 

6. Zakaria, E. & Syamaun, M. The effect of realistic mathematics education approach on students’ achievement and attitudes 

towards mathematics. Math. Educ. Trends Res. 1(1), 32–40 (2017). 

7. Mazana, Y.M., Montero, C.S. & Olifage, C.R. Investigating Students’ Attitude Towards Learning Mathematics (2019). 

8. Mazana, M. Y., Montero, C. S. & Casmir, R. O. Assessing students’ performance in mathematics in Tanzania: the teacher’s 

perspective.Int. Electron. J. Math. Educ. 15(3), em0589 (2020). 

9. Teklu, S. W. & Terefe, B. B. Mathematical modeling analysis on the dynamics of university students animosity towards 

mathematics with optimal control theory. Sci. Rep. 12(1), 1–19 (2022). 

10. Teklu, S. W. Analysis of fractional order model on higher institution students’ anxiety towards mathematics with optimal control 

theory. Sci. Rep. 13(1), 6867 (2023). 

11. Dhooge, A., Govearts, W., and Kuznetsov, A. Y., MATCONT: “A Matlab package for numerical bifurcation analysis of ODEs”,   ACM 

transactions on Mathematical software 29(2) pp. 141-164, 2003.  

12. Dhooge, A.,W. Govaerts; Y.  A. Kuznetsov, W. Mestrom, and A. M. Riet , “CL_MATCONT”; A continuation toolbox in Matlab, 2004. 

13. Kuznetsov,Y.A. “Elements of applied bifurcation theory” .Springer,NY, 1998.  

14. Kuznetsov,Y.A.(2009).”Five lectures on numerical bifurcation analysis” ,Utrecht University,NL., 2009.  

15. Govaerts, w. J. F., “Numerical Methods for Bifurcations of Dynamical Equilibria”, SIAM, 2000. 

16. Dubey S. R. Singh, S. K. & Chaudhuri B. B. 2022 Activation functions in deep        learning: A comprehensive survey and benchmark. 

Neurocomputing, 503, 92-108.   https://doi.org/10.1016/j.neucom.2022.06.111 

17. Kamalov A. F.  Nazir M. Safaraliev A. K. Cherukuri and R. Zgheib  2021, "Comparative analysis of activation functions in neural 

networks," 2021 28th IEEE International Conference on Electronics, Circuits, and Systems (ICECS), Dubai, United Arab Emirates, , 

pp. 1-6, doi:10.1109/ICECS53924.2021.9665646. 

18. Szandała, T. 2020,  Review and Comparison of Commonly Used Activation Functions for Deep Neural Networks. ArXiv. 

https://doi.org/10.1007/978-981-15-5495-7  

19. Sridhar. L. N. 2023  Bifurcation Analysis and Optimal Control of the Tumor Macrophage Interactions. Biomed J Sci & Tech Res 

53(5).  BJSTR. MS.ID.008470.DOI: 10.26717/BJSTR.2023.53.008470 

20. Sridhar LN. Elimination of oscillation causing Hopf bifurcations in engineering problems. Journal of Applied Math. 2024b; 2(4): 1826. 

21. Flores-Tlacuahuac, A.   Pilar Morales and Martin Riveral Toledo; “Multiobjective Nonlinear model predictive control of  a class of 

chemical reactors” . I & EC research; 5891-5899, 2012. 

22. Hart, William E., Carl D. Laird, Jean-Paul Watson, David L. Woodruff, Gabriel A. Hackebeil, Bethany L. Nicholson, and John D. 

Siirola. “Pyomo – Optimization Modeling in Python” Second Edition. Vol. 67. 

23. Wächter, A., Biegler, L. “On the implementation of an interior-point filter line-search algorithm for large-scale nonlinear 

programming”. Math. Program. 106, 25–57 (2006). https://doi.org/10.1007/s10107-004-0559-y 

24. Tawarmalani, M. and N. V. Sahinidis, “A polyhedral branch-and-cut approach to global optimization”, Mathematical Programming, 

103(2), 225-249, 2005 

https://sciencefrontier.org/journals/international-social-science-research-and-review
https://sciencefrontier.org/journals/international-social-science-research-and-review
https://sciencefrontier.org/journals/international-social-science-research-and-review
https://doi.org/10.1016/j.neucom.2022.06.111
https://doi.org/10.1007/978-981-15-5495-7
https://doi.org/10.1007/s10107-004-0559-y


                                                                                                                                                                     

 

                          https://sciencefrontier.org/journals/intern

ational-social-science-research-and-

review 
 

 

                           © 2025 Lakshmi. N. Sridhar et al. 

7 

25. Sridhar LN. (2024)Coupling Bifurcation Analysis and Multiobjective Nonlinear Model Predictive Control. Austin Chem Eng. 2024; 

10(3): 1107. 

26. Upreti, Simant Ranjan(2013); Optimal control for chemical engineers. Taylor and Francis. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
       © The Author(s) 2024. This article is an open access article distributed under the terms and conditions of the Creative Commons  

              Attribution (CC BY) license, 

 

 

 

 

https://sciencefrontier.org/journals/international-social-science-research-and-review
https://sciencefrontier.org/journals/international-social-science-research-and-review
https://sciencefrontier.org/journals/international-social-science-research-and-review
https://sciencefrontier.org/submit-manuscript?e=12

